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On the evaluation of polynomial coefficients
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The evaluation of the coefficients of a polynomial from its zeros is considered. We show
that when the evaluation is carried out by the standard algorithm in finite precision arithmetic,
the accuracy of the computed coefficients depends on the order in which the zeros are intro-
duced. An ordering that enhances the accuracy for many polynomials is presented.
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1. Introduction

Polynomials play a central role in computational and applied mathematics; see [3]
for a historical review. The determination of the zeros {z j}?;(l) of a monic polynomial of
degree n,

n—1

PR =2"+ Y aj.’, (1.1)

j=0

is a classical problem of computational mathematics, which continues to receive con-
siderable attention; see, e.g., [1,2,4, and references therein], as well as the bibliogra-
phy [7]. This note is concerned with the inverse problem: Given the zeros {z j}’};(l) of a
monic polynomial p, of degree n, determine the coefficients {a j,n};f;(l) in the representa-

tion (1.1). The standard approach to solving the latter problem is to recursively compute,
for increasing values of k, the coefficients {a; x }';;(1) in the power-form representation of
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the polynomials

k—1 k—1
@ =Jec—2p =+ auzd. k=12.....n
j=0 =0

This approach yields algorithm 1.1 below. We denote the coefficients computed by algo-
rithm 1.1 using finite-precision arithmetic by a; ;. Hence, a; x is the computed approxi-
mation of a;, and we would like the error a;, — a; , to be small.

Algorithm 1.1 (Computation of coefficients).

Input: Zeros {z,}1Z;
Output: Computed coefficients {a j,n}’};(l);

ap,1 ‘= —20;
fork:=1,2,...,n—1do
Qg k41 i= Ap—1 .k — 2>
for j:=1,2,...,k—1do

Ajk+1 = Aj—1k — 2kQj ks
end j;
ag,k+1 ‘= —ZkAo k>
end k;

The coefficients a; ; for fixed j and k = j + 1, j + 2,..., n can be stored in the
same storage location. Algorithm 1.1 therefore can be implemented so that only O(n)
storage locations are required. This is the scheme implemented by the Matlab function
poly.

The following example shows that the coefficients computed by algorithm 1.1 may
suffer from low accuracy. All computations of the present paper were carried out in
Matlab on a personal computer with machine epsilon 2 - 107!®. We used the Matlab im-
plementation poly of algorithm 1.1. In the computed examples, we display the quantities

&p = Mmax |&j,n - aj,n|v (1.2)
0<j<n

Pn= _max |a;gl. (1.3)
0<j<k<n

Example 1.1. The zeros of the polynomial

pn()=27"—1 (1.4)
are given by
i
zj:exp( 7:]), i=01,...n—1, (1.5)

where 1 = 4/—1. We refer to the order of the zeros (1.5) as monotonic because the
argument of the zeros z; increases monotonically with ;.
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Table 1
Example 1.1. Roots of unity ordered monotonically.
n Pn &n
32 4.1-103 6.1-10~10
64 9.1-10’ 6.4-1072
128 6.1-10!6 1.0- 103
Table 2

The bit-reversal function b3 (j).

j 0 1 2 3 4 5 6 7
b3(j) 0 4 2 6 1 5 3 17

Table 1 displays the error (1.2) of the coefficients computed by algorithm 1.1. The
poor accuracy in the computed coefficients a;, depends on that some coefficients a; x
are of large magnitude, but the coefficients a;, of the polynomials (1.4) are not. The
largest magnitude of the coefficients a;  is measured by p,, defined by (1.3), which is
displayed in table 1.

The loss of accuracy encountered in example 1.1 can be reduced by reordering the
zeros (1.5) before using them in algorithm 1.1. Section 2 discusses an ordering scheme
that is applicable when the zeros {z j}’};(l) are roots of unity with n a power of 2. The
ordering scheme of section 2 suggests a method for ordering arbitrary zeros. The latter
ordering method is described in section 3.

2.  Ordering of roots of unity

This section considers the polynomials of example 1.1 in some more detail. Let
n = 2¢ for some positive integer £, and let the integer j € [0, n — 1] have the binary
representation

-1
j= Zﬂ,zf, B. € {0, 1}.
r=0

Introduce the bit-reversal function
-1

be(j) =) B2
r=0

which reverses the order of the £ bits in the binary representation of j. Values of b3(j)
are displayed in table 2.

Introduce the zeros Zj, obtained by reordering the zeros (1.5) using the bit-reversal
function b, (j), i.e.,

2=y, 0<j<n, n=2" 2.1
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Note that while the value of the bit-reversal function b,(j) for fixed j < 2¢ depends
on the value of £, the location of the point Z; in the complex plane does not. In fact,
the Matlab code used for example 2.1 below computes the arguments of the points Z;
instead of the values of the bit-reversal function. The arguments for the points (2.1) can
be determined in O(n) arithmetic floating point operations.

Lemma 2.1. Let ¢ be a positive integer, and let the integer k € [1,2° — 1] have the
binary representation

-1
k=Y 82", B €{0.1). (2.2)
r=0

Let the zeros Z; be defined by (2.1). Then there are coefficients y, of unit magnitude,
such that

k—1
[[c-20= ] @ —n) (2.3)
=0

{r:p-=1}

where the product in the right-hand side is over all values r, such that the coefficient 8,
equals to one in the binary representation (2.2) of k.

Proof. The result follows from [5, lemma 2.3], where also explicit expressions for
the coefficients y, can be found. The factorization in the right-hand side of (2.3) is
independent of the value of ¢, provided that k < 2°. U

Theorem 2.2. Let n = 2¢ for some positive integer £. Assume that k is an integer, such
that 0 < k < n, and let the points Z;, 0 < j < n, be defined by (2.1). Introduce the
polynomials

k—1
@ =[]c-2), k=12...n
j=0

The coefficients in the representation of the polynomials p; in power form

k-1

P =7+ Z&j,kzj» k=1,2,...,n,

j=0
satisfy

max |a;xl = 1. (2.4)

0 j<k<n '

Proof. Multiplying the factors in the product in the right-hand side of (2.3) gives a
representation of py in power form. Due to the special form of the factors, it is easy to

see that no coefficient in the power form representation is of magnitude larger than one
and that the nonvanishing coefficients are of magnitude one. g
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Table 3
Example 2.1. Roots of unity ordered by bit-reversal.
n Pn &n
32 1 48-10715
64 1 9.5.10713
128 1 1.7-10714
Table 4

Example 2.1. Roots of unity ordered randomly. The minimum, average and maximum values of p, and &,
are over 1000 experiments.

n Pn &n
min average max min average max
32 3.2-100 3.9. 101 8.3-102 42.10715 4.6-10713 54.1011
64 1.2-10° 8.8-102 4.6-10% 5.8.10714 45.10"10 7.2.1078
128 6.1-10! 1.6-10° 2.7-107 29.10712 2.0-107° 1.2.1072

Example 2.1. This example considers the same sets of zeros as example 1.1, but intro-
duces the zeros in algorithm 1.1 in different orders. This results in higher accuracy of
the computed coefficients. Table 3 displays values of p, and ¢, when the zeros (1.5) are
ordered by bit-reversal, i.e., when the zeros are ordered according to (2.1). The table
shows that p, = 1, in agreement with theorem 2.2. The small value of p, helps make
the absolute errors in the computed coefficients {a j,n}’};(l) small.

We also applied algorithm 1.1 to randomly ordered roots of unity, i.e., the ze-
ros (1.5) are chosen in random order. Table 4 displays the minimum, average and max-
imal values of p, and ¢, obtained over 1000 experiments. The table shows the average
values of p, and ¢, to grow much faster with n than the corresponding quantities when
the zeros are ordered by bit-reversal. Comparing tables 3 and 4 with table 1 shows
that zeros ordered by bit-reversal as well as randomly ordered zeros give much smaller
errors &, than monotonically ordered zeros.

3.  Ordering of arbitrary zeros

This section discusses ordering of arbitrarily distributed zeros in the complex plane.
Algorithm 3.1 below determines the so-called Leja ordering of the zeros. The algorithm
assumes that the zeros are distinct; however, this restriction easily can be removed, see
below.

Algorithm 3.1 (Leja ordering of zeros).

Input: Set K = {z j}l};(l) of distinct zeros;

Output: Set {Z j}’};(l) of Leja ordered zeros;

Let Zo be a zero in the set K, such that Zy = max_ <k |z|;
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fork:=1,2,...,n—1do
Determine z;, € K, so that

k—1 k—1
[Tz =21 =max[[lz—2l;
zeK
i=0 j=0
end k;

We refer to the order determined by algorithm 3.1 as the Leja order, because when
the set K is a compact continuum in the complex plane, the points determined by the
algorithm are known as Leja points; see [6] for a definition of Leja points and for some
of their properties. Algorithm 3.1 can be implemented to require only O(n?) arithmetic
floating point operations. When the zeros in the set K in algorithm 3.1 are not all distinct,
zeros of higher multiplicity are ordered consecutively. The following theorem shows that
the Leja order is related to the bit-reversal order.

Theorem 3.1. The set {Z j}lj‘;(l) of points defined by (2.1) is Leja ordered.
Proof.  The theorem can be shown by using lemma 2.1. U

The relation between Leja and bit-reversal order suggests that using Leja ordered
zeros in algorithm 1.1 may be beneficial for the accuracy in the computed coefficients.
This is illustrated by the following examples.

Example 3.1. Let the zeros be n = 2¢ roots of unity for £ = 5, 6, 7 as in example 1.1.
Leja ordering of these sets of zeros yields pye = 1 for £ = 5,6,7 and €3, = 4.4 - 10715,
gea = 8.7-1071, g155 = 1.7- 10715, Thus, the errors in the computed coefficients are as
small as when the roots of unity are ordered by bit-reversal; cf. table 3.

Example 3.2. This example illustrates the performance of Leja, monotonic and random
ordering of n roots of unity when # is not a power of 2. Table 5 shows that the errors in
the computed coefficients are small when the zeros are Leja ordered. Note that, differ-
ently from example 3.1, p, # 1 for Leja ordered roots of unity. Table 5 also illustrates

Table 5
Example 3.2. Roots of unity in Leja and monotonic orders.
n Leja order Monotonic order
Pn &n Pn &n
31 1.1 4.4-1071 3.1-10° 3.7-10710
63 1.2 9.3-1071 6.6- 107 2.8-1072

127 1.5 1.6- 10714 4.4.10'6 1.1-10%5
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Table 6
Example 3.2. Roots of unity ordered randomly. The minimum, average and maximum values of p, and &,
are over 1000 experiments.

n Pn En
min average max min average max
31 2.7-100 3.5-10! 8.1-102 45.10715 3.1-10713 1.9-10~ 11
63 1.2-10! 1.0-103 2.6-10° 5.1-10714 9.2.10"10 3.7-1077
127 1.1- 102 2.8-10° 4.0 - 107 3.7-10712 231073 7.8-1073
Table 7
Example 3.3. Zeros of Chebyshev polynomials in Leja and monotonic orders.
n Leja order Monotonic order
Pn &n Pn &n
32 9.3-10! 1210713 4.1-10% 7.1-10712
64 2.8-10% 5.4.1071 5.6-10° 1.3-1074
128 3.4.10° 1.4.107° 1.5-10!2 2.9.108

the rapid growth of the error in the computed coefficients when the roots of unity are
ordered monotonically.

Table 6 displays the growth of the computed coefficients when the roots of unity
are ordered randomly. The table shows the smallest, average and largest values of p,, and
e, over 1000 experiments. Note that the average values of ¢, displayed in table 6 grow
much faster with n than the values of ¢, obtained with Leja ordered roots of unity.

Example 3.3. The sets {z j}’};(l) in this example are the zeros of monic Chebyshev poly-
nomials 7,(z) = 2!~ cos(n arccos(z)), i.e.,

2j+1
Zj=COS< J;— n), j=0,1,...

,n—1. 3.1
n

The coefficients a;, of T, expressed in terms of the power basis are explicitly known,
see, e.g., [8, p. 4], and are used for determining the errors in the coefficients a;, com-
puted by algorithm 1.1.

Table 7 displays the errors in the computed coefficients a;, when the zeros z; are
ordered monotonically, i.e, when they are ordered according to (3.1), and when they
are Leja ordered. The latter ordering is seen to give higher accuracy than monotonic
ordering.

Table 8 shows the errors in the computed coefficients when the zeros are ordered
randomly. The average errors obtained are about the same as the errors achieved by Leja
ordering. Also, the values of p, obtained by random ordering of the zeros are about the
same as the values achieved by Leja ordering. We therefore do not display the former.
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Table 8
Example 3.3. Randomly ordered zeros of Chebyshev polynomials. The
minimum, average and maximum values of ¢, are over 1000 experiments.

n En
min average max
32 7.1-10714 1.3.10713 2.4.10712
64 2.5.1011 5.8.107 11 1.7-10710
128 8.6-107° 14107 20107
Table 9

Example 3.4. Zeros distributed equidistantly on 2 concentric circles in Leja
and monotonic orders.

n Leja order Monotonic order
Pn &n Pn &n
75 1.1 6.6-10"15 1.1-100 1.6-1073
90 1.2 7.0-10715 2.6-107 6.4-1073
Table 10

Example 3.4. Randomly ordered zeros distributed equidistantly on 2 concentric circles. The minimum,
average and maximum values of p, and g, are over 1000 experiments.

n Pn &n

min average max min average max
75 6.4 - 10° 5.4 . 102 7.0 - 10* 24.10"14 3.4.10710 1.5-1077
90 1.1-10! 1.5-103 1.9-10° 43.10714 1.6-107° 6.2-1077

Thus, in this example Leja ordering and random ordering give on the average about
the same absolute errors in the computed coefficients. These errors are larger than the
corresponding errors in the computed coefficients of example 3.1. This depends on
the fact that for high degrees, the Chebyshev polynomials have coefficients of large
magnitude. The tabulated values of p, for the Leja ordering of the zeros are accurate
approximations of max;, |a; /.

Example 3.4. Let %n of the zeros be distributed equidistantly on the unit circle and let
the remaining %n zeros be allocated equidistantly on a circle of radius % centered at the

origin, i.e.,
3mwij 2
exp( mj), j=0,1,...,=n—1,
n 3
Z; = (3.2)

1 onij\ . _2 2 |
—ex , Jj==n, = yoesn— 1.
2 P\, J=3m3" "

The coefficients a;, of the polynomial p, either vanish or are of unit magnitude. We
refer to the ordering (3.2) as monotonic. Table 9 shows the accuracy of the computed
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coefficients when the zeros are Leja and monotonically ordered. The former ordering is
seen to give significantly higher accuracy.

Table 10 displays p, and &, when the zeros are ordered randomly. A comparison
with table 9 shows that Leja ordering gives the highest accuracy and monotonic ordering
the lowest.

The examples of the present paper, as well as numerous other computed exam-
ples, indicate that bit-reversal ordering and Leja ordering of the zeros can give signifi-
cantly higher accuracy of the computed coefficients of polynomials in power form than
monotonic ordering. Since Leja ordering can be applied to arbitrary sets of zeros, we
propose that it be used in conjunction with algorithm 1.1.
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