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The Evaluation of Polynomials

By
J. EVE

1. Introduction

In evaluating the polynomial
P(x)=ags"+a, 2" Vb apx* 2 .- ta,, (a; real) (1)
by the Newton-Horner recurrence scheme,

B=a,,
Pi+1=xe+ai+li 1’:01 112;---:7[’_1

»n multiplications and #» additions are required. OsTROWsKI [§] has shown that
the 2# operations required by this algorithm are minimal for #<<4. MoTzKIN [4]
(see also Topp [8]) and KNuTH [3] have given methods whereby polynomials
with 4<# =<6 can be evaluated in [1(»+3)] multiplications and not more than
#n-+1 additions. Similar methods effecting a reduction in the number of multi-
plications have been described by Pax [6] for » <12. Each of these methods
is valid only for a particular value of #.

A general method due to PaN [7] applicable to all polynomials with #=5
results in an evaluation involving [%(#+-4)] multiplications and # 41 addi-
tions. KNUTH has also given a method applicable to all polynomials with =3
in which # +1 additions are required while the number of multiplications varies
between [1 (% +3)] and approximately $#.

BeLAGA [I] has shown that at least » additions are necessary in evaluating
an arbitrary #-th degree polynomial and consideration of the simple examples
ayx3, agx* etc. indicates a lower bound on the number of multiplications of
[%(n+3)]. BELAGA also proves that [§(#--3)] multiplications and # -1 addi-
tions will always suffice to evaluate an »n-th degree polynomial but these counts
may include complex multiplications and additions.

It will be shown that Knuth’s method may be modified to produce an
evaluation process requiring [ (# -4)] multiplications and » additions. Clearly
for #n odd such an evaluation involves the minimum number of operations but
when # is even it is still uncertain whether a further multiplication can be
eliminated. Knuth’s special methods for degrees 4 and 6 achieve this at the
expense of an extra addition but no such method is known for degree 8.

2. Knuth’s Method
Expressing P(x) in the form

P(x)=Qo(x) + Cr(%),
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where
Qo () =agx* 4+ aga" 2 fa,x" 4 ...

Qi(x)=ax" ttaga" P agan b4 ..

those features of Knuth’'s method which will be required may be summarised
as follows.

When #n=2m -2 is even, polynomials S, and T are defined by
Sa(#%)=Qo(»),
T(x?)= Q1 (x)/x
while when n=2m -1 is odd, these polynomials are defined by
So(#%) = 01(%),
T (x%) = Qo (#)/%.

If the m zeros of T(x) are denoted by a, «,, o, ..., &, a sequence of con-
stants 8,,, B,._1, ... can be determined from Sy{x2) by repeated synthetic division
by the quadratic factors (¥2—«;) according to the scheme

Sica1 (8% = (2 — oty i43) S;(%%) + B—i1 t=1,2,...,m
where finally
Sp(¥8)=ayx*4f, if nis even

=ay if » is odd.
It follows immediately that

P(x)=((-- (B(*®—ay) + ) (82— otg) +Bg) ...) (x2—1,,) +B,), (2)

where
F=ayx*+a,x+8, if niseven

=ayx+ a, if » is odd.
Using these values of F;, (2) can be evaluated by
P ,=(x*—a;) P+, i=1,2,...,m—1,
P(x) = (2 — ) Byt

which requires [§(# +4)] multiplications and » additions. This operation count
implies making one of two equally untenable assumptions, either that the «;
are always real, or that complex multiplications and additions should be counted
with the same weight as their real counterparts.

Kn~uTH also points out that by a shift of origin i.e. a transformation
y=x-1c

any polynomial in y can be transformed to the form (1) in which by a suitable
choice of ¢, a;,=a,. This transformation has the advantage when # is even that

B=ay(%*-+ %) + By,
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so that a multiplication can be saved at the expense of the extra addition for
the change of variable. With this device included, Xnuth’s evaluation algorithm
for even degree polynomials is equivalent to that used by BELAGA in his proof
that any polynomial may be evaluated in [} (% -+3)] multiplications and » +1
additions.

3. Modification of Knuth’s Method

The following theorem justifies a transformation which converts an arbitrary
polynomial into one producing real o;.

Theorem. The m zeros of the polynomial T(x) are all real if at least n—1
zeros of P(x) are confined to one of the half-planes Re(x)=0 or Re(x)=0.

Qo (x) and @, (x) have real coefficients and each involves only odd powers
of x or only even powers of x so that Qy(x) and Q,(x) cannot have less than
four complex (as opposed to real or imaginary) zeros. The theorem is established
by showing that Qy(x) and Q;(x) have at least » —3 imaginary zeros, under
the conditions of the theorem, since it now follows that the remaining zeros
of Qq(%) and Q,(x) are real or purely imaginary; hence the zeros of T(x) being
the squares of zeros of Q,(x) or Q,(x) are real.

Let P(x) have k zeros in the half-plane Re(x)>0.

Case 1. P(x) has no zeros on Re(x)=0. In this case one way of expressing
Routh’s rule for determining k is as follows (see GANTMACHER [2]). As x traverses
the real axis from — oo to 4+ oo, the number of transitions from — oo to + o
minus the number of transitions from -+ oo to — oo of the rational function

R(x)=101(00)/Qo (i %)
is n—2k. ie. the Cauchy Index I® R(x)=n—2k.
For k=0 or =, this implies that Q,(x) has » imaginary zeros. For %=1
or n—1, Qy(x) must have at least # —2 imaginary zeros.

Using the fact that R(x) is an odd function of x with one of the properties
of the Cauchy Index given by GANTMACHER, it is readily established that

I RYx)+IZ,R(x) =0,

where 6=-1 or —1 according to whether R(x) >0 or R(x)<<0 as x— 4 oo.
Consequently 1% R (x)=2k+o¢—n and for k=0,1,n—1,n

|2k+o—nj=n—3,

so that Q) (x) has at least » —3 imaginary zeros.

Case 2. P(x) has ¢ zeros on Re(x)=0, 0<<t<<n—3. (The case t=n—3 is
trivial.) The ¢ zeros of P(x) on Re(x)=0 are also zeros of Q,(x) and @,(%).
Dividing out the factors corresponding to these zeros from P(x), Qy(x) and
Q, (%), the reduced polynomials resulting P'(x), Qo(x) and Q;(x) can be treated
by Case 1, showing that Qg(x) and Qg (x) have at least » —¢ —3 imaginary zeros
so that Qy(x) and Q,(x) again possess at least » —3 imaginary zeros.

Application of the Theorem. An arbitrary polynomial in the variable y
may be transformed using

x=y+c
2*
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to the form (1). The constant ¢ is chosen such that at least » —1 zeros of the
new polynomial P(x) lie in one of the half-planes Re(x)=0 or Re{x)<0 and
at least two zeros are symmetrically disposed about the origin. Such a pair
of zeros produce a factor (¥®—«) of P(x) (and consequently of T(#?) and S, (x9).
Taking this value of « to be «,,, since 8,,=0 the evaluation algorithm now becomes

x=7v-c,
B=ayx*+ayx+fy if n=2m+2
=ax+a if n=2m-41 3)

P,~+1=(x2—oc,-)P,-+ﬂ,v, ’i=1,2,...,m—‘1
P(x)':(xz—“m) Pm:

which requires » additions and [} (# + 4)] multiplications.

It is clear that for any polynomial several different sets of values exist for
the constants a;, f§; and ¢. Confining #—1 zeros to the right or left half-plane
results in different sets of constants; often there exists a choice between shifting
the origin to lie mid-way between two real zeros or so that a complex conjugate
pair of zeros “between’’ these real zeros becomes purely imaginary. Permuting
the labelling of the «; changes the values of the ;. In a practical problem the
choice will be influenced by consideration of the accuracy of the evaluation.

The process is illustrated with the obviously contrived example
P(y) =248+ 160y% — 1040 9® + 3268 y* — 17760 3 + 15120 ¥ — 32400y — 69750

for which T'(y?) does not exist. (The 97 term is absent.) The zeros of largest
real part of P(y) are a real zero at y=5 and a complex conjugate pair at y=1-21.
Taking out the factor corresponding to this complex conjugate pair and changing
the variable using

y=x+1,

so that this pair become imaginary, the equivalent polynomial is
P(x) = (2484 16 x5} 208 x* — 32 13 — 224 x® — 11648 x — 25600) (x% -+ 4).
Then
T(x%) = (16 2% — 3242 — 11648) (¥ 4- 4) =16 (%2 — 28) (x2 + 26) (¥* - 4).
Taking oy =28, ay=—26 and ay=—4, §, is obtained on dividing
S; (%%) =2 %8 4 208 x* — 224 2 — 25600
by %% —a, obtaining
Sy(x?) =2x% 415642 —4280 and f,=285680.
Dividing S,(x?) by #*—a«, yields
Sg(#¥)=24%2+212 and f;=1656.

The constant term in S3(x%) is f,=212. a¢=2 and a,==16 are the leading coef-
ficients of P(x); the constant ¢ in the transformation is — 1 so that all quantities
required in the evaluation algorithm (3) have been determined.
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